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Extrapolation procedure for low-temperature series for the
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I Jensen† and A J Guttmann‡
Department of Mathematics, The University of Melbourne, Parkville, Victoria 3052, Australia

Received 19 February 1996

Abstract. The finite-lattice method of series expansions has been combined with a new
extrapolation procedure to extend the low-temperature series for the specific heat, spontaneous
magnetization, and susceptibility of the spin-1 Ising model on the square lattice. The
extended series were derived by directly calculating the series to order 99 (in the variable
u = exp[−J/kBT ]) and using the new extrapolation procedure to calculate an additional 13–14
terms.

1. Introduction

In a recent paper [1], we reported on the calculation and analysis of low-temperature series
for the square lattice spin-1 Ising model. The series was derived to 79th order (in the variable
u = exp[−J/kBT ]) using the finite-lattice method [2] and employed a new algorithm which
removed much of the memory-size restrictions of previous implementations. In this paper
we report on a further extension of these series to order 113 for the specific heat and
spontaneous magnetization and order 112 for the susceptibility. The extension is obtained
by direct calculation of the series to order 99 and use of a new extrapolation procedure to
extend the series by an additional 13 or 14 terms. The improvement in the direct series
derivation is due to a more efficient implementation of the algorithm and the use of parallel
computation. The extrapolation procedure is similar to and inspired by work on directed
percolation [3].

2. The series expansion technique

The Hamiltonian defining the spin-1 Ising model in a magnetic fieldh can be written

H = J
∑
〈ij〉

(1 − σiσj ) + h
∑

i

(1 − σi) (1)

where the spin variableσi = 0, ±1. The first sum is over nearest-neighbour pairs and
the second sum is over sites. The constants are chosen so the ground state (σi = +1 ∀i)
has zero energy. The low-temperature expansion is based on perturbations from the fully
aligned ground state. The expansion is expressed in terms of the temperature variable
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u = exp(−βJ ) and the field variableµ = exp(−βh), whereβ = 1/kBT . The expansion
of the partition function in powers ofu may be expressed as

Z =
∞∑

n=0

un9n(µ) (2)

where9n(µ) are polynomials inµ. It is more convenient to express the field dependence
in terms of the variablex = 1 − µ and truncate the expansion atx2

Z = Z0(u) + xZ1(u) + x2Z2(u) + · · · (3)

whereZn(u) is a series inu formed by collecting all terms in the expansion ofZ containing
factors ofxn. Standard definitions yield the spontaneous magnetization

M(u) = M(0) + 1

β

∂ ln Z

∂h

∣∣∣∣
h=0

= 1 + Z1(u)/Z0(u) (4)

sincex = 0 in zero field. For the zero-field susceptibility we find

χ(u) = ∂M

∂h

∣∣∣∣
h=0

= ∂

∂h

(
1

βZ

∂Z

∂h

)∣∣∣∣
h=0

= β

[
2
Z2(u)

Z0(u)
− Z1(u)

Z0(u)
−

(
Z1(u)

Z0(u)

)2]
. (5)

The specific heat series is derived from the zero-field partition function (via the internal
energyU = −(∂/∂β) ln Z0),

Cv(u) = ∂U

∂T
= β2 ∂2

∂β2
ln Z0 = (βJ )2

(
u

d

du

)2

ln Z0(u). (6)

So in order to obtain the series expansion of the specific heat, spontaneous magnetization
and susceptibility it suffices to calculate the three quantitiesZ0, Z1 andZ2.

On the square lattice the infinite lattice partition functionZ can be approximated by a
product of partition functionsZmn on finite (m × n) lattices,

Z(u) ≈
∏
m,n

Zmn(u)amn with m 6 n andm + n 6 r (7)

wherer is a cut-off which limits the size of the rectangles considered. The weightsamn are
small integers and are known explicitly [4] for the square lattice,

amn =



1 if m + n = r

−3 if m + n = r − 1

3 if m + n = r − 2

−1 if m + n = r − 3

0 otherwise.

(8)

Due to the symmetry of the square lattice one obviously has thatZmn = Znm, so one need
only consider the casem 6 n and change the weightsamn appropriately, i.e. multiply by 2
if m < n.

For the low-temperature expansion of the Ising model,Zmn is calculated as the sum
over all spin configurations on the finite lattice. All spins outside them × n range are fixed
at +1. The number of terms derived correctly with the finite-lattice method is given by the
power of the lowest-order connected graph not contained in any of the rectangles considered,
which in this case are chains of sites all in the ‘0’ state. From the Ising Hamiltonian we
see that such chains give rise to terms of order 3r + 1. For a given value ofr the series
expansion is thus correct to order 3r.
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The efficient way of calculatingZmn is by transfer matrix techniques. We refer to
[1] for a detailed description of the algorithm. For this work we used a more efficient
implementation of the algorithm and a parallel computer, and we were able to derive the
series directly up to a maximal cut-offrm = 33.

3. Extrapolation of series

The series can be extended significantly via an extrapolation method similar to that of [3].
Consider the series forZn(u). For eachr 6 rm we use the finite-lattice method to calculate
the polynomialsZn,r (u) = ∑

j=0 zn,j,ru
j correct toO(u3r+20). As already noted, these

polynomials agree with the series forZn to O(u3r ). Next, we look at the sequencesdn,r,s

obtained from the difference between successive polynomials

Zn,r+1(u) − Zn,r (u) = u3r+1
∑
s>0

(zn,3r+s+1,r+1 − zn,3r+s+1,r )u
s = u3r+1

∑
s>0

dn,s,ru
s. (9)

The first of these correction termsdn,0,r is often a simple sequence which one can readily
identify. In the case ofZ0, we find the sequence

−d0,0,r = 1, 2, 6, 18, 52, 138, 338, 778, 1712, . . .

from which we conjecture

d0,0,r = −2r+2 + (r3 + 3r2 + 2r + 18)/3 r > 2. (10)

The formula ford0,0,r holds for all therm − 1 values that we calculated and we are very
confident that it is correct for all values ofr. As was the case in [3], the higher-order
correction termsdn,s,r can be expressed as rational functions ofdn,0,r . Due to the form of
the first correction term this leads to the general extrapolation formulae

dn,s,r = 1

6s!n!

s+n+3∑
j=0

an,s,j r
j + 1

s!n!

s+n∑
j=0

bn,s,j r
j 2r r > s + 2. (11)

The factors in front of the sums have been chosen so as to make the leading coefficients
particularly simple. We were able to find formulae for all correction terms up tos = 13
for Z0 andZ1, and up tos = 12 for Z2. The coefficients in the extrapolation formulae are
listed in tables 1–3.

It is clear from equation (11) that therm − s − 2 terms available from the various
sequences for the correction terms are not sufficient to determine all the 2(s + n + 2) + 1
unknown coefficients in the extrapolation formulae for larges. However, from tables 1–3
we immediately see that the leading coeffients,an,s,s+n+3 andbn,s,s+n, in the extrapolation
formulae are alternating in sign but otherwise constant, for example,an,s,s+n+3 = (−1)s+n2
and bn,s,s+n = −(−1)s+n4. In general we have found that the leading coeffients are
expressible as polynomials ins,

an,s,s+n+3−k = (−1)s+n

(2s)!

2k+l∑
j=0

αn,k,j s
j (12)

and

bn,s,s+n−k = (−1)s+n

(s + 1)!4s−1

2k∑
j=0

βn,k,j s
j (13)

where l = max(k − 3, 0). The coefficients of these polynomials are listed in table 4 and
table 5.
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Table 4. The coefficientsan,k,j in the extrapolation formula (12).

j

k 0 1 2 3 4 5

α0,k,j

0 2 12 96 25920 0 0
1 2 −1468 510840 1300549152 6977845103040
2 2 −558 −888576 −2703028424 −15961597601040
3 −428 600150 1803808536 12990760770024
4 6 38850 −409368974 −4669644914724
5 −7950 −18927216 667412568090
6 126 5412484 519181770
7 −224616 −5708659068
8 6354 428756328
9 −96 −15678630

10 484770
11 −10656
12 96

α1,k,j

0 2 10 312 7200 967680 0
1 2 −1192 566700 1554817152 8201223021600
2 2 −522 −1082526 −3148467656 −18452430302760
3 −428 592890 2028534576 14630011358544
4 6 39480 −411219494 −5057308922574
5 −7950 −20088936 678397444650
6 126 5432476 1825419990
7 −224616 −5791418388
8 6354 430798878
9 −96 −15704550

10 484770
11 −10656
12 96

α2,k,j

0 2 4 384 −14400 483840 0
1 2 −940 679560 1809266592 9448276380480
2 2 −510 −1261176 −3582329672 −20938915839600
3 −428 598470 2221265016 16212179478024
4 6 39930 −415205294 −5412395679564
5 −7950 −20805456 691017125850
6 126 5445412 2648223930
7 −224616 −5853962268
8 6354 432269568
9 −96 −15721830

10 484770
11 −10656
12 96

This time we note that the two or three leading coefficients are independent ofn and,
indeed, we find thatβn,k,2k−j /3k is a polynomial ink of order 2j +1. In particular we have

βn,k,2k = −3k(k + 1)

βn,k,2k−1 = 3k(278k3 + 99k2 − 179k)/27
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βn,k,2k−2 =


3k(77284k5 − 233636k4 + 145247k3 + 233636k2 − 222531k)/1458 n = 0

3k(77284k5 − 233636k4 + 148487k3 + 233636k2 − 225771k)/1458 n = 1

3k(77284k5 − 233636k4 + 151727k3 + 231692k2 − 230955k)/1458 n = 2

and

βn,k,2k−3 =



3k(107424760k7 − 981604100k6 + 3689847622k5 − 5987330165k4

+1103673490k3 + 6968934265k2 − 4900945872k)/590490 n = 0

3k(107424760k7 − 981604100k6 + 3703358422k5 − 6035726045k4

+1135273210k3 + 7017330145k2 − 4946056392k)/590490 n = 1

3k(107424760k7 − 981604100k6 + 3716869222k5 − 6092228405k4

+1180199050k3 + 7073832505k2 − 5004493032k)/590490 n = 2.

So when calculating the extrapolation formulae (11) we first used the sequences for the
correction terms to predict as many polynomials as possible. When we ran out of terms we
then predicted as many of the leading coefficients from (12) and (13) as possible. This in
turn allowed us to find more extrapolation formulae, which we could use (together with the
formulae forβn,k,2k−j ) to find more of the formulae for the leading coefficientsan,s,s+n+3−k

andbn,s,s+n−k. We repeated this until the process stopped with the extrapolation formulae
listed above.

From Zn,33(u) we extended the series forZ0 and Z1 to O(u113), while the series for
Z2 was extended toO(u112). The resulting new low-temperature series terms are listed in
table 6. The series terms forn < 80 can be found in [1]. The full series is also available
by electronic mail or via the worldwide web (see end of article for details).

4. Analysis of the series

We analysed the series using the same methods as in our previous paper [1], to which we
refer the reader for details. Here we will give only a short summary of the results including
improved estimates for the critical point and amplitudes.

The estimatesuc = 0.554 0663(5) for the physical singularity andβ = 0.125 07(2) for
the critical exponent of the spontaneous magnetization were obtained from homogeneous
differential approximants (which are equivalent to Dlog Padé approximants) by averaging
over [N, M] approximants with|N − M| 6 1 using at least 100 series terms. The figure in
parenthesis represents the spread among the approximants (basically one standard deviation)
and shouldnot be viewed as a measure of the true error as they cannot include possible
systematic sources of error. From these estimates it is clear thatβ = 1

8 as expected.
However, the estimates converge very slowly towards this value and, even with a series
as long as the present 114 terms, the estimates have not yet settled down to their true
value and there is a slight downwards drift in the estimates for bothuc andβ. Analysis of
the susceptibility and specific heat series yield exponent estimates fully in agreement with
the expectations thatγ ′ = 7

4 and α′ = 0. By using our knowledge of the exact values
of the critical exponents and assuming that close touc the estimates for the exponents
depend linearly on the estimates for the critical point (inspection of the various approximants
clearly supports this assumption) we are led to the improved estimate for the critical point
uc = 0.554 0653(5).

We have calculated the critical amplitudes using two different methods, both of
which are very simple and easy to implement. In the first method, we note that if
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Table 7. Estimates for the physical critical amplitudesAM , Aχ , andAC from the method of
Liu and Fisher [6] obtained from inhomogeneous first-order differential approximants.L is the
degree of the inhomogeneous polynomial.

L AM Aχ AC

5 1.208 284(74) 0.061 712(47) 20.20(26)
6 1.208 270(15) 0.061 73(12) 20.13(22)
7 1.208 256(80) 0.061 70(20) 20.23(23)
8 1.208 266(16) 0.061 64(21) 20.29(20)
9 1.208 24(21) 0.061 70(12) 20.28(32)

10 1.208 269(35) 0.061 866(60) 20.31(26)
15 1.208 272(74) 0.061 65(15) 20.47(32)
20 1.208 24(12) 0.061 67(15) 20.464(75)
25 1.208 250(47) 0.061 72(11) 20.448(46)
30 1.208 236(51) 0.061 74(20) 20.42(12)
35 1.208 228(60) 0.061 792(82) 20.40(20)
40 1.208 263(70) 0.061 59(20) 20.45(12)

f (u) ∼ A(1 − u/uc)
−λ, then it follows that(uc − u)f 1/λ|u=uc ∼ A1/λuc. So we simply

form the series forg(u) = (uc − u)f 1/λ and evaluate Padé approximants to this series
at uc. The result is justA1/λuc. This procedure works well for the magnetization and
susceptibility series (it obviously cannot be used to analyse the specific heat series) and
yields the estimatesAM = 1.208 40(5) andAχ = 0.061 72(4) where the error bar primarily
reflects the uncertainty due to the estimate ofuc. For the specific heat series two different
approaches have been used. In the first approach we look at the derivative of the specific
heat series for which the above method should work withλ = 1. This yields the estimate
AC = 22.3(1). In the second approach we start fromf (u) ∼ A ln(1 − u/uc) and form the
seriesg(u) = exp(−f (u)) which has a singularity atuc with exponentA. One virtue of this
approach is that no prior estimate ofuc is needed. However, the spread among estimates
from different approximants is quite substantial, though the amplitude estimate is consistent
with that listed above. Biasing the estimates atuc yields AC = 22.3(3). In the second
method, proposed by Liu and Fisher [6], one starts fromf (u) ∼ A(u)(1− u/uc)

−λ + B(u)

and then forms the auxiliary functiong(u) = (1 − u/uc)
λf (u) ∼ A(u) + B(u)(1 − u/uc)

λ.
Thus the required amplitude is now thebackgroundterm in g(u), which can be obtained
from inhomogeneous differential approximants [5]. This method can also be used to study
the specific heat series. One now starts fromf (u) ∼ A(u) ln(1 − u/uc) + B(u) and then
looks at the auxiliary functiong(u) = f (u)/ ln(1− u/uc). As before, the amplitude can be
obtained as the background term ing(u). This analysis yields the amplitude estimates listed
in table 7. With the exception of the specific heat amplitude there is excellent agreement
between these estimates and those obtained from the first method.

Regarding the value of the confluent exponent11 we have little to add to our previous
results. Even with a series as long as 114 terms we could not obtain accurate estimates for
11. Again the Baker–Hunter [7] transformed series of the magnetization favours a value
around 1.05 while estimates from the suceptibility series again fall in two groups around
1.15 and 1.4, respectively. Using the transformation of Adleret al [8]

G(u) = λF(u) + (uc − u) dF(u)/du

where F(u) is the original series andλ the leading critical exponent, yields estimates
consistent with11 = 1 for both the magnetization and susceptibility.

We find a non-physical singularity closer to the origin thanuc atu± = −0.301 9395(5)±
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0.378 7735(5) with exponentsβ = −0.1690(2), γ ′ = 1.1692(2) andα′ = 1.1693(3), and a
singularity on the negativeu-axis atu− = −0.598 550(5) with exponents equal to those at
the physical critical point. Note that our estimate forβ at u± has changed substantially from
that given in our previous paper. This is mainly because we have put greater emphasis on
estimates obtained from inhomogeneous first- and second-order differential approximants.
We note that we now have firm evidence to show that the scaling lawα′ + 2β + γ ′ = 2
holds at both the physical as well as the non-physical singularities.

E-mail or www retrieval of series

The series for the spin-1 Ising model can be obtained via e-mail by sending a request to
iwan@maths.mu.oz.au or via the worldwide web on http://www.maths.mu.oz.au/˜iwan/ by
following the instructions.
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